Terry Lee
HSC 2005
Mathematics Extension 2 Solution

Question 1

du 1 1
a) Letu=sinf,du=cosfdf;| —=——=———+C.
@ Ius 4ut 4sin* @
osH

Alternatively, I 0= jcot Ocosec’ 0dO = Icosec3 6 xcotfcosecddl =—

®) (i) a=lim—=3,b= lim =~

x-3 x+2 x>-2x—3

=2,

()j( _53’;(‘1’6 =3In(x—3)+2In(x+2)+C.

(c) Letu—lnxdu=ldx Letdv= xdxv—%
x*Inx

'Iex7lnxdx— x| — ex—dx _x_8 e— é_e_s ( Lj_7eg+1
T 8 | 8 8 64 8 64 64 64

(d) J.\/Arx—_——ln(Zx+\/4x —1)+c.

0 1 0 1
e —=— ect == 1+tan2—)=— 1+£%).
© ()dH 2 2 2( 2 2( )
0 ZSiHQCOSQ 2tan€ 2
(ii) sin@ =2sin—cos— = 02 2@: 29 .
2 cos’ —+sin’— 1+tan’— 1+t
2 2
2dt
2
(iii) Icosecé’dé’ '[ 1+¢ =J.£=lnt=ln tan2 +C.
sind 2t t 2
1+¢

Question 2
(@) (i) 2z+iw=6+2i+i(1—i)=7+3i.
(i) zw=@-i)1-i)=2—4i.
6 _6(1+i)

(iii) E=— =3(1+i).
w -1

b) () f= 2c1s(——j
(i) p°=2° cis(—%”) =32 cis%.
o s 1 3 .
(iii) =32(5+17J=16(1+1\/§).

(¢) Let z=x+1iy, so ;:x—iy,.'.Z—;=2iy;.'.|2iy|=|2y|<2c>|y|<1c>—1<y<1.

cosec’ @

+C.
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(d) (i) Let ZPOQ =26, then arg(z,)+arg(z,) =(a —0)+(a+6)=2a.

(ii) z, =|z |cis(@ —0),z, =z |cis(a@ + 0),.. 2,2, = |z, cis(a O+ a + 0) = |z, cis(2a) .

(i) R= |Zl|2 cisQa) = |zl|2 cis% = i|zl|2, purely imaginary and |Zl|2 >0, so the locus of R is the y-axis, y > 0.

Question 3

(@ (@) (i1)
LAYl 44
. //////”’—’ ‘§‘\\\\\\R //////’#’/
/ # 2 #
________________ S B S
(i11) (iv)
A S S
2 > 2\ >
-1

8 X —x _x(x+D(x-1)
=9 X -9 (x+3)(x-3)

. Asymptotes: y=ux, and x =13
~.x-intercepts: (0,0), (£1,0).

(The dotted curve is the “guidegraph” of
equation y=(x+3)(x+Dx(x—1)(x—-3))

(b) y=x+
X

VS |

(c) Differentiate implicitly, 3x* —4y —4xy’+3y°y' =0.
3x? —4y—(4x—3y2)y' =0

. 3x' -4
yo3hy
4x -3y
12-4 8 5
At 251 M =——=—=".m, = ——.
@D.m §-3 57 8

The equation of the normal is: y —1= —%(x -2)

8y—-8=-5x+10
5x+8y—-18=0.
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(d) Resolving the forces
Vertically, Ncos@ =mg . (1)

2

Horizontally, Nsiné = m
,

4
(1) +(2)* gives N2 = m? [ g+ V—zj

’
4
.'.N:m,fg2+v—2.
r

Question 4

(a) (i) Consider a strip of thickness dx at the distance of x from the origin. As the strip is rotated about the y-axis the volume
of the generated hollow cylinder is

oV = 7r((x+ ox)’ —xz)y
=27XyOX.
N

V= 2ﬂIOnydx = 2;1-'[0Nxe’xzdx - 2”[_%ex2 } _ 72'(1 oV )

0

(i) As N >, >0V > 7.

(b) () a+pf+y+o=—p.
afy +afid +ayd + fyd =—r.
(i) a*+ 2 +7 + 8" =(a+f+y+5) -2> . af=(-p) -2q=p’-2q.
(iii) &>+ > +7° +0°=9-2(5)=-1<0, so it cannot have four real roots.
(iv) When x =0, p(0) =-8, and when x =1, p(1) =2, ..it has at least a real root between 0 and 1. But from (iii) it cannot
have four real roots, and as the coefficients are real, it must have a pair of conjugate roots, and two real roots.

(c) (i) Put (0, —b) into the equation of the normal:
b'x, =(a’ =b")xy,
b = (@~ by,
b3
a’-b*
Also, from the diagram, the normal to the ellipse at (0, +b) is the y-axis. .. This normal passes through y, =2b.
3

Y=

I <b then b* <a® —b*. . 2b* < d?

(i) If —
@t —

b’ _1
b’ 11

2
Butb* =a’(1-¢e*),..1-¢’ =b—2,.‘. e =l-—21-—=—, eZL (Don't forget that e < 1)
a a 2 2 2

Question 5

(a) (i) Area of AABC = %bc = %ad

Sbe=ad
b2c2 — a2d2
—d*(b* + ).

Page 3



Terry Lee www.hsccoaching.com

(b)

(©

(i) tana = L, AB = h .
AB tana
- h h
Similarly, 4P=——,4C= .
tan y tan

From part (i), AB*.AC* = AP* (4B’ + AC?),

n n n " n

2 2,5 2 T
tan"a tan” f tan"y\tan"a tan"
tanZ}/:[ ! !

2 + 2
tan“a tan” S
=tan’ f+tan’ .

]tan2 a.tan® B

(1) If Ferdinand only scores 1 goal, they must play 6 goals, of which Mary won the last goal. Therefore, Ferdinand can
win any of the previous five goals.
(i1) Assume the winner of the last goal is Mary, the game can be won by one of the following ways (5M), (1F, 4M), (2F,
4M), (3F, 4M), (4F, 4M). Therefore, the total number of ways is 1 + 5—!+ 6! + 7! + 8! =126

41 2141 3141 414]
Of course, Ferdinand can win by the same way, so the total outcome is 126 x 2 =252 ways.

0 4 A

b

e

»
»

»
»

a b

From the diagram, it’s clear that the area under the curve of f{x) + the area under the curve of /' (x) is the area of the
rectangle.

[ rCode+ [, £ ()= ab
= [ F(dv=ab- job £ (x)dx.

(ii) When x =2,sin"' [3] =z
4) 6

Also, if f:y= sin’lz then f':x=sin"' %, y =4sinx.

) z
J sin"(fj:ZXE—j‘S%inxdx
0 4 6 0

T

= % + 4[00”?

0
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(d) (i) Area of ABCD = AD x CD, where AD = 2+/9 —x* , by Pythagoras, and CD = x x tan 60° = V3x.
. Area of ABCD = 2/3xv/9— x* =2xy/27-3x .
3 232 P 3/2
(i) ¥ =I 2327 =3P dx = _%{M} _ _l(o_%] ~1843.
0

3 , 3

Question 6

(@) (i) Let n=0,1,(x)= J.xe”dt = [—e"] =1-¢". .. True forn = 0.
0

0

2 n
Assume [, (x) =n{1—e'* (1+x+%+...+x—ﬂ .

n!

2 n n+l
Required to prove that /,,,(x)=(n+1)!|1-¢e™" b X b .
2! n!  (n+1)!

LHS = | e dr.
0
Using Integration by parts, let u =¢"",du=(n+1)t". Letdv=e"'dt,y=—¢".
xtn+1 —tdt: _tn+l —t x+ +1J‘th ﬂ‘dt
J.O e [ e ]0 (n+1) Le

=—x""e™ +(n+1)1,(x)

2 n
=—x""e™ + (n+1)n{1—e“ (1+x+%+...+x—ﬂ

n!
2 n
=—x””ex+(n+l){l—ex[l+x+x—+...+x—ﬂ
2! n!
x2 xn xn+1
=(m+D1-e"|1+x+—+..+—+ =RHS.
2! n! (n+1)!

- It’s true for all n > 0.

1
(ii) For 0<¢<1,f"e™ >0, . j e dt > 0.
0

1 1 n+l 1
For O<t<1,e”<1,.‘.J‘ t”e’tdt<J. t"dt:{ ! } =
0 0

n+1 0_n+1.
x x x" 1 1
(i) 0<nl|l-e"|1+x+—+..+— || £ .
2! n! . (n+1)

2 n !
0<|l—e*|1ex+g. +2 || < ! = ! .
2! n! . nl(n+1) (m+1)!

L 0<1l-¢" 1+l+l+...+i£ ! )
TR n!)” (n+1)!

1 1 1 . ) .
—0,..as 1—¢ (1 +—+—+..+ —j, where n — oo, is sandwiched between two values which

. 1
(iv) As n > o,
(n 1 2! n!

+1)!

are the same, 1—e'1[l+l+i+...) =0.
I 2!
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(b) (i) Given @" =1,-.1-0" =0. .. l-0)(l+0+&* +..+ 0" )=0. " l+0+&" +..+@"" =0.
(1+2a)+3a)2+...+na)"’1)(a)—1):a)—1+2a)2—2a)+3a)3—3a)z+...+na)"—na)”"

=—(l+0+0 +..+ 0" ") +no" =0+nw" =n, since " =1.

! . = 21 , ifz=cos@+isin@, so z° = cos26 +isin 26,
cos20+isin20-1 z" -1

(i)

cosO—isin® , since (cos 6 +isin 9)_1 = cos(—60) +isin(—@) =cosd —isin @

(cosH+isin€)—(cos€—isin9)
_cosf—isinf
© 2ising

() If a)=cis2—ﬂ- then w = a*, where azcisz,.‘. Re( ! =Re( 21 jzRe M , Where ¢9=£.
n n a -1 2isin @ n

But Re M z—l, forall 0,..Re ! :—l,
2isind 2 w-—1 2

. 2 4 6 8
(iv) 1+2cos—”+3cos—”+4cos—”+500s?ﬂz Re(1+ 20+ 30" + 40’ +5a)4)

=Re( > j, from (i)
w-1
Vs

)2

2 4 2 2
%) 1+2cos—”+3cos?ﬁ+4cos6?ﬁ+500s8?”=1+ 2005?”—3cos£—4cos£+500s?7Z =1+7cos?ﬁ—7cos 5

7cosz—ﬂ— 7cos£: —2_1 = _Z
5 5 2 2
27 V4
.. COS— —COS— = ——.
5 5 2

200s2£—1—coszz—l.
5 2
ZCoszz—cosz——zo.
5 5 2
400522—2005%—1=0.

4. 1+ , from solving the quadratic equation 4x* —2x —1= 0, taking the + sign because % is acute.
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Question 7

(a) (i) £LBMP = ZBNP =90°
..BNPM is cyclic (opposite angles are supplementary)
(il)) £LBNM = ZBPM (angles subtending the same arc are equal)
Z/BPM = ZBAP (alternate segment angles are equal)
S ZBNM = Z/BAP.

~.NM /I AP (corresponding angles are equal, then the lines are parallel).

(iii) In similar triangles TMN and TPA (equiangular, since Z/BNM = ZBAP and common angle 7),
L __Pr9 (corresponding sides in similar triangles are proportional)
r+s p+q+tu

rp+rq+ru=rp+rq+sp+sq

ru=sp+sq=s(p+q)

r

+tq

:'|m §'|c4
<y

. . . s
(iv) r < p, since p is the hypotenuse, .. —<1,..s <u.
u

- 27 .. 47r°R
(b) (i) ¥=Rw’, where a;z%..'.x:%.
k  4z°R 47°R’
At x:R’jc':——Z:—ﬂ-—z,".k:ﬂ-—z
R T T
. d (1, A7°R° 1
i) ¥=—|=v" |=— X
@) dx(2 ) T’ x
2p3
Ly 4TR 1
2 T X
2 p2
Whensz,v=O,.‘.C=—47;2R.
1o ATR’ 1 _ATR’_4n’R’ R_,
2 " ox T r \x )
., STR*(R-x
SV = Tz .
X
(iii) v=—\/§ﬂR R-x (the minus sign is taken because the particle is moving towards the star).

T X
ﬂ__\/gﬂ'R }R—x
dt T x

_J‘° x 87R

TO
dx = J dt, letting 7; be the time taken to reach the star.
RVR—Xx T Jo

R
\/§]7er T, = [R sin”! \/% ~Jx(R- x)} = Rsin”'(1) = ”—2R.
0
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Question 8

(a)

(b)

2

() /()= 3(abx)% —(abx) 3 (czzb)(a +b+x) _3abx- ab(a +bh+x)_3x—(a +1b 4+ x) _2x- (a1+ f) .

9(abx)? 9(abx)3 9(ab)® x3 9(ab)® x3

£1(x) =0 gives x =42
The sign of f'(x), taking a, b, x all positive, is decided by the straight line 2x —(a + b) of positive gradient, so it is a
minimum point.

+

v

i/

a+b 3(a+b) 2
_(a+b)’

a+b+
(ii) When x =#, f(x)= 2 2

1 1 12 1
3(aba+bj3 3(@)(a+b)y 2 (aby
2 x
Z
) a+b+x (a+b)3

* 1 - Z
3(abx)? 23 (ab)3

3 g 3
a+b+x | | (a+b)’ _(a+b)2_(a+bj2
1 = 2 1 - - :
I 21 4
Nabx) ) | 23 (ab) ab \2Jab

a+b [a+b+c} (a+b+cj a+b+c _,
: >1,.. 2>

ab, so ——>1,. -
2Jab 33/abc 33/ abc 3

(since this is the minimum point).

abc.

(iii) Let a, b, c be the roots then a +b+c = p,abc =r,.". from (ii), ? > 3/; oop=27r.

(iv) p’ =2’ =8 ¥ 27r =27, so the equation x’ —2x” +x—1 does not have three positive real roots.
y'=3x" —4x+1=(3x—1)(x—1). For turning points, y' =0 gives x = g,l . As both turning points satisfy x > 0, while

when x =0, y = —1, so if it does not have three positive roots it must only have 1 positive root (and two complex
conjugate roots).

(i) AP x PB =(bsec8 —btan)(bsecd +btan ) =b*(sec’ 6 —tan” §) =b".

(i1)) ZOCD = a — p (exterior angle is the sum of the two opposite interior angles)
ZCDB =28+ (a— p)= a+ B (exterior angle is the sum of the two opposite interior angles)

By the sine rule in AACP, — cpP = AP .CP= APcosﬂ
sin(90°— ) sin(a - f) sin(a — )

By the sine rule in APDB, — PD - PB - PD= {’Bcosﬁ .
sin(90° - ) sin(a + f) sin(a + /)
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(iii) CPx PD = APcosf3 PBcosf8  APxPBcos’f b cos’ B

sin(a — B) sin(a + B)  sin(a — B)sin(a + B)  sin(a — B)sin(a + )
(Note that fis constant)

www.hsccoaching.com

, which depends on « and not 6.

(iv) From (iii), CPx PD = p(q +r) depends on ¢, but not 6.
Similarly, OD.QC =¢q(p +r) depends on ¢, but not 6.

As a does not change for these collinear points, CPx PD = Q0D xQC.
plg+r)=q(p+r)

pq+pr=pq+qr

pr=qr

pP=q.

(v) The result in (iv) can be interpreted that CP = DQ, .".the midpoint of CD is the same as the midpoint of PQ.

..As CD is moved to the position to be tangent to the hyperbola, the point of contact is also the midpoint of the chord
uv.

Page 9




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000500044004600206587686353ef901a8fc7684c976262535370673a548c002000700072006f006f00660065007200208fdb884c9ad88d2891cf62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef653ef5728684c9762537088686a5f548c002000700072006f006f00660065007200204e0a73725f979ad854c18cea7684521753706548679c300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020b370c2a4d06cd0d10020d504b9b0d1300020bc0f0020ad50c815ae30c5d0c11c0020ace0d488c9c8b85c0020c778c1c4d560002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken voor kwaliteitsafdrukken op desktopprinters en proofers. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents for quality printing on desktop printers and proofers.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /NoConversion
      /DestinationProfileName ()
      /DestinationProfileSelector /NA
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure true
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles true
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /NA
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /LeaveUntagged
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


